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Propagation of electro-elastic surface Love waves in a structure consisting of a piezoelectric half-space
substrate of crystal class 6, 4, 6 mm or 4 mm and two layers, one of which (adjacent to the substrate)
is a conducting material and the second is either a conducting or a dielectric material, is considered.
The mathematical model obtained includes all the above crystal classes i.e. the surface wave problems
related to all these classes are presented in a single mathematical model. The dispersion equation for
the existence of Love surface waves with respect to phase velocity is obtained. Numerical calculations
are carried out for three different layered structures. The effect of the second layer on the propagation
behaviour of the surface Love wave in the structure is revealed.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric ceramics have a very large application in surface
acoustic wave devices such as sensors, actuators, ﬁlters and delay
lines which are widely used in electronic technology, mechanical
and medical engineering. However the brittle nature of piezoelec-
tric ceramics can often cause failure of devices under mechanical
and/or electrical loadings. To avoid the defects of strength and brit-
tleness and achieve high performance, piezoelectric composite
materials made of piezoelectric ceramics and different dielectric
or conducting materials or polymers are introduced in such
devices.
Many research are devoted to a surface shear wave propagation
in layered structures consisting of a piezoelectric substrate and a
piezoelectric (Zakharenko, 2005; Jin et al., 2002; Jin et al., 2001;
Liu, Kuang et al., 2003; Shul’ga and Medvedev, 1993; Wang et al.,
2001; Mesquida et al., 1998; Minagawa, 1995), conducting (Curtis
and Redwood, 1973) or a dielectric layer (Danoyan and Piliposian,
2007).
Another way to prevent the piezoelectric material from show-
ing brittle fracture is to pre-stress the layered piezoelectric struc-
tures during the manufacturing process. Many papers are
devoted to the investigation of propagation behaviour of Love
waves in piezoelectric layer/substrate structure with initial stres-
ses (Liu et al., 2001; Qian, Jin et al., 2004; Liu, Kuang et al., 2003;ll rights reserved.
), zavendanoyan@gmail.comQian et al., 2004). A pre-stressed elastic layer/piezoelectric sub-
strate system has been studied by Jin et al. (2000, 2005).
Investigation of surface waves in layered structures consisting
of more than one layer is also a subject of many papers. Zinchuk
et al. (1990, 1992) have studied the propagation properties of a
shear surface wave in the regularly periodic layered half-space.
The present paper considers the propagation behaviour of the
surface Love wave in a layered structure consisting of a piezoelec-
tric half-space substrate either of crystal classes 6, 4, 6 mm and
4 mm, an adjacent conducting layer and a second layer of a dielec-
tric or conducting material. To the authors’ knowledge no work has
been carried out so far to discuss the effect of the second layer on
the propagation behaviour of electro-elastic Love waves in a lay-
ered piezoelectric structure. However, this is signiﬁcant for the de-
sign of acoustic sensors. The purpose of the paper is to investigate
analytically and numerically the effect of the second layer on prop-
agation behaviour of the surface Love wave in such layered struc-
tures. The layered structures considered so far consisted mainly of
crystal classes 6 mm and 4 mm. In the present setting of the prob-
lem the mathematical model includes also crystal classes 6 mm
and 4 mm.
2. The statement of the problem
Consider a layered structure consisting of an elastic piezoelec-
tric half-space substrate and two isotropic layers (Fig. 1). The adja-
cent layer to the substrate which we will refer to as the main layer,
is a conductor with a thickness h1, the second layer which will be
referred to as a supplementary (additional) layer is either a con-
ductor or a dielectric material with a thickness h2. The piezoelectric
O 
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Fig. 1. Layered structure with a piezoelectric half-space substrate and two isotropic
layers.
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6 mm and 4 mm. The coordinate system Ox1x2x3 is chosen in such
way that the Ox3 axis is directed along the main direction of the
piezoelectric substrate (L4 or L6) and the plane x1 = 0 occupies the
boundary between the main layer and the substrate, and the Ox1
axis points down into the substrate.
The surface x1 = (h1 + h2) is free of external forces (mechani-
cally free).
Elastic and electric excitations in a piezoelectric substrate (do-
main x1 > 0) are interconnected and are described in a quasi-static
approximation of the electro-elastic linear theory. The governing
equations of this theory in the absence of body forces and free
charges can be expressed as follows (Dieulesaint and Royer,
1980;Danoyan and Piliposian, 2007):
@rik
@xi
¼ q @
2uk
@t2
ðequations of motionÞ; ð2:1Þ
Ei ¼ @u=@xi; @Di
@xi
¼ 0 ðMaxwell’s equationsÞ; ð2:2Þ
cik ¼
1
2
@ui
@xk
þ @uk
@xi
 
ðgeometrical relationsÞ; ð2:3Þ
rik ¼ ciklmclm  elikEl ðconstitutive equationsÞ; ð2:4Þ
Di ¼ eiklckl þ eikEk; ð2:5Þ
where i,k, l,m = 1,2,3, ui are the components of particle displace-
ment, u the electrical potential, q the mass density of the substrate,
rik and ckl are the components of stress and strain tensors, Dk and Ek
the components of electric displacement and electric ﬁeld intensity
and ciklm,elik, eik are the elastic, piezoelectric and dielectric constants
and summation convention for repeated indices is used.
As in a quasi-static setting the electric ﬁeld does not penetrate
to the conducting medium and the elastic ﬁeld in both layers will
be described by Eqs. (2.1), (2.3) and (2.4) with El  0.
We consider an antiplane deformation problem and assume
without loss of generality that waves propagate along the positive
direction of the x2 axis. Then the displacement components and
electrical potential function representing the motion can be writ-
ten in the following form:
u1  0; u2  0; u3 ¼ wðx1; x2; tÞ; ðh1 þ h2Þ 6 x1 < þ1
u ¼ u3ðx1; x2; tÞ; 0 < x1 < þ1

: ð2:6ÞTaking into account constitutive relations 2.4,2.5 for the crystal
classes 4, 6, 4 mm and 6 mm (Dieulesaint and Royer, 1980) from
(2.1) and (2.2) coupled electromechanical ﬁeld equations in the
substrate and corresponding equations in the layers take the fol-
lowing form (Danoyan and Piliposian, 2007):
1: r2w3 ¼ 1
S23
@2w3
@t2
;r2u03¼0 in the substrate 0< x1 <þ1; ð2:7Þ
2: r2w1 ¼ 1
S21
@2w1
@t2
in themain layerh< x1 <0; ð2:8Þ
3: r2w2 ¼ 1
S22
@2w2
@t2
in the supplementary layer
ðh1þh2Þ< x1 <h1: ð2:9Þ
Boundary and the continuity conditions along the interface can be
represented as follows:
w3 ¼ w1; eð3Þ15w3 þu03 ¼ 0;
cð3Þ44
@w3
@x1
þ eð3Þ15
@u03
@x1
 eð3Þ14 eð3Þ15 @w3@x2  e
ð3Þ
14
@u03
@x2
¼ cð1Þ44 @w1@x1 ;
8<
: when x1 ¼ 0;
ð2:10Þ
w1 ¼ w2; cð1Þ44
@w1
@x1
¼ cð2Þ44
@w2
@x1
; when x1 ¼ h1; ð2:11Þ
@w2
@x1
¼ 0; when x1 ¼ ðh1 þ h2Þ: ð2:12Þ
The attenuation conditions for surface waves at x1? +1 are
w3 ! 0;u03 ! 0: ð2:13Þ
The following notations are introduced in Eqs. (2.7)–(2.13):
u03 ¼ u3  eð3Þ15w3; eð3Þ15 ¼ eð3Þ15 =eð3Þ11 ; cð3Þ44 ¼ cð3Þ44 ð1þ v23Þ;
v23 ¼ eð3Þ15 eð3Þ15 =cð3Þ44 ;
S3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð3Þ44 =q3
q
¼ S3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ v23
q
; S3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð3Þ44 =q3
q
;
S1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð1Þ44 =q1
q
; S2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð2Þ44 =q2
q
;
where S3; S1 and S2 are the velocities of shear bulk waves in the sub-
strate and two layers, S3 is shear bulk wave velocity for pure elastic
waves in the substrate, v23 is the electromechanical coupling coefﬁ-
cient for the shear bulk wave in the substrate,r2 ¼ @2=@x21þ @2=@x22,
subscripts and superscripts (i), (i = 1, 2, 3) indicate that the value
belongs to the main and the supplementary layers and the sub-
strate, respectively.
3. Solution of the problem
We look for a solution of the boundary problem (2.7)–(2.12) as a
plane harmonic wave satisfying the attenuation conditions (2.13)
in the following form (Danoyan and Piliposian, 2007):
w ¼Wðx1Þeiðpx2xtÞ; ðh1 þ h2Þ < x1 < þ1
u3 ¼ U3ðx1Þeiðpx2xtÞ; 0 < x1 < þ1
(
; ð3:1Þ
where W(x1) and U3(x1) are unknown amplitudes, x > 0 is the fre-
quency and p > 0 is the wave number and the phase velocity is
V ¼ x=p:
After substituting (3.1) into (2.7)–(2.9) and satisfying the attenua-
tion conditions (2.13) we obtain the following solutions:
w3 ¼W30epb3ðVÞx1eiðpx2xtÞ
u03 ¼ U030epx1eiðpx2xtÞ
u3 ¼ ½eð3Þ15W30epb3ðVÞx1 þU030epx1 eiðpx2xtÞ
8><
>: ;
for x1 > 0; 1 < x2 < þ1;
ð3:2Þ
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1 < x2 < þ1; ð3:3Þ
w2 ¼ ½Wþ20eipb2ðVÞx1 þW20eipb2ðVÞx1 eiðpx2xtÞ;
for  ðh1 þ h2Þ < x1 < h1;1 < x2 < þ1; ð3:4Þ
whereW30;U
0
30;W
þ
10;W

10;W
þ
20 and W

20 are arbitrary constants, and
b3ðVÞ; b1ðVÞ and b2(V) are attenuation coefﬁcients, where
b3ðVÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðV2=S23Þ
q
; b1ðVÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðV2=S21Þ  1
q
;
b2ðVÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðV2=S22Þ  1
q
: ð3:5Þ
From the attenuation condition (2.13) it follows that b3ðVÞ is positive
and therefore the necessary condition for a surface wave to exist is
0 < Vs < S3: ð3:6Þ
Substituting solutions (3.2)–(3.4) into boundary conditions (2.10)–
(2.12) and requiring nontrivial solution for the unknown ampli-
tudes results in the following dispersion equation:
b3ðVÞ ¼ c1b1ðVÞ
c1b1ðVÞ tanðb1k1Þ þ c2b2ðVÞ tanðb2k2Þ
c1b1ðVÞ  c2b2ðVÞ tanðb1k1Þ tanðb2k2Þ
þ R; ð3:7Þ
where
c1 ¼ cð1Þ44 =cð3Þ44 ¼ cð1Þ44 =cð3Þ44 ð1þ v23Þ; c2 ¼ cð2Þ44 =cð3Þ44 ¼ cð2Þ44 =cð3Þ44 ð1þ v23Þ;
ki ¼ phi;R ¼ eð3Þ15 eð3Þ15 =cð3Þ44 ¼ ðeð3Þ15 Þ2=½eð3Þ11 cð3Þ44 ð1þ v23Þ;
and ki (i = 1,2) are relative thicknesses of the layers, k is the wave-
length and R the electromechanical coupling coefﬁcient of the sur-
face waves. For the most known piezoelectrics
0 < R < 1: ð3:8Þ
Without a piezoelectric effect ðeð3Þ15 ¼ 0Þ;R vanishes, S3 ¼ S3 and the
dispersion Eq. (3.8) takes the following form of the classical Love
wave with a substrate and two layers:
b3ðVÞ ¼ c1b1ðVÞ
c1b1ðVÞ tanðb1k1Þ þ c2b2ðVÞ tanðb2k2Þ
c1b1ðVÞ  c2b2ðVÞ tanðb1k1Þ tanðb2k2Þ
; ð3:9Þ
here v23 ¼ 0 and c1 ¼ cð1Þ44 =cð3Þ44 ; c2 ¼ cð2Þ44 =cð3Þ44 ;b3ðVÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðV2=S23Þ
q
.
When k1 = k2 = 0 Eq. (3.7) coincides with the dispersion equa-
tion of the classical Bluestein-Gulyaev (B-G) surface wave (Bleu-
stein, 1968;Gulyaev, 1969)
b3ðVÞ ¼ R: ð3:10Þ
Without the supplementary layer (k2 = 0) the dispersion Eq. (3.7)
transforms to the dispersion equation of the case with piezoelectric
substrate and a conducting layer (Curtis and Redwood, 1973).
If a surface wave exists then b3ðVÞ > 0. It follows from (3.7) that
it is possible in the following cases:
(1) If b1(V) and b2(V)are real positive then:
(a) for pure elastic substrate the following condition takes
place:c1b1ðVÞ cotðb1k1Þ > c2b2ðVÞ tanðb2k2Þ; ð3:11Þ
(b) for piezoelectric substratec1b1ðVÞ cotðb1k1Þ–c2b2ðVÞ tanðb2k2Þ: ð3:12Þ
The surface Love wave Vs satisﬁes the condition:ðaÞ S2 < S1 < Vs < S3 or ðbÞ S1 < S2 < Vs < S3: ð3:13Þ
(2) If b1(V) > 0 and b2(V) is imaginary thenb2ðVÞ ¼ ic2ðVÞ; c2ðVÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V
2
S22
s
> 0: ð3:14ÞIn this case, Eq. (3.7) will take the following form:
b3ðVÞ ¼ c1b1ðVÞ
c1b1ðVÞ tanðb1k1Þ  c2c2ðVÞ tanhðc2k2Þ
c1b1ðVÞ þ c2c2ðVÞ tanðb1k1Þ tanhðc2k2Þ
þ R:
ð3:15Þ
For pure elastic substrate the following condition is necessary for
the surface Love wave to exist:
c1b1ðVÞ tanðb1k1Þ > c2c2ðVÞ tanhðc2k2Þ: ð3:16Þ
In this case the surface Love wave velocity will satisfy the following
conditions:
ðaÞ S1 < Vs < S2 < S3 or ðbÞ S1 < Vs < S3 < S2: ð3:17Þ
(3) If b2(V) > 0 and b1(V) is imaginaryb1ðVÞ ¼ ic1ðVÞ; c1ðVÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V
2
S21
s
> 0: ð3:18ÞIn this case Eq. (3.7) will take the following form:
b3ðVÞ ¼ c1c1ðVÞ
c1c1ðVÞ tanhðc1k1Þ  c2b2ðVÞ tanðb2k2Þ
c1c1ðVÞ  c2b2ðVÞ tanðb2k2Þ tanhðc1k1Þ
þ R:
ð3:19Þ
If the layered structure has a pure elastic substrate (R = 0) then the
following inequality should satisfy:
c1c1ðVÞ tanhðc1k1Þ < c2b2ðVÞ tanðb2k2Þ < c1c1ðVÞ cotðc1k1Þ;
ð3:20Þ
and in the case of electro-elastic waves
c1c1ðVÞ cothðc1k1Þ–c2b2ðVÞ tanðb2k2Þ: ð3:21Þ
In this case the surface Love wave velocity will satisfy the following
conditions:
ðaÞ S2 < Vs < S1 < S3 or ðbÞS2 < Vs < S3 < S1: ð3:22Þ
(4) If both b1(V) and b2(V) are imaginary the dispersion Eq. (3.7)
will take the following form:b3ðVÞ ¼ c1c1ðVÞ
c1c1ðVÞ tanhðc1k1Þ þ c2c2ðVÞ tanhðc2k2Þ
c1c1ðVÞ þ c2c2ðVÞ tanhðc1k1Þ tanhðc2k2Þ
þ R:
ð3:23Þ
In this case the surface Love wave can not propagate in the pure
elastic substrate, but it can propagate in the piezoelectric substrate.
As we can see the presence of the piezoelectric substrate increases
the possibility of the existence of a surface Love wave.4. Investigation of the dispersion equation
Without both layers (k1 = k2 = 0) the dispersion Eq. (3.7) trans-
forms to Eq. (3.10) which always has a solution in the following
form:
Vs ¼ VBG ¼ S3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 R2
p
; VBG < S3: ð4:1Þ
Eq. (4.1) constitutes the velocity of the B–G wave in a piezoelectric
half-space. The behaviour of the solutions of the dispersion Eq. (3.7)
depends on the relationship between the velocities of B-G wave and
the shear bulk wave velocities S1 and S2. In one layer problem three
cases are possible ðVBG < S1 < S3; S1 < VBG < S3;VBG < S3 < S1Þ (Cur-
tis, Danoyan) whereas in two layered structure the number of pos-
sible cases increases dramatically and the theoretical investigation
of the problem becomes much more complicated. Here we carry
out numerical investigation of the dispersion Eq. (3.7) for layered
structures consisting of concrete materials with the certain
relationship between the parameters S3; S1; S2 and VBG (Table 1).
Table 1
Characteristic cases of layered structures.
No. Substrate
S3;VBG
Main layer
S1
Supplementary layer
S2
Relationship
1 PZT-4 Zn Al VBG < S1 < S3 < S2
2 PZT-4 Zn Pt S2 < VBG < S1 < S3
3 PZT-4 Pt Zn S1 < VBG < S2 < S3
4 PZT-4 Pt Al S1 < VBG < S3 < S2
5 PZT-4 Pt Au S2 < S1 < VBG < S3
6 PZT-4 Al Zn VBG < S2 < S3 < S1
7 PZT-4 Al Pt S2 < VBG < S3 < S1
8 PZT-4 Al Si VBG < S3 < S1 < S2
9 PZT-4 Al W VBG < S3 < S2 < S1
10 PZT-4 Au Pt S1 < S2 < VBG < S3
1348 G.T. Piliposian, Z.N. Danoyan / International Journal of Solids and Structures 46 (2009) 1345–1353Physico- mechanical parameters and the values of S3; S1; S2;VBG and
R for different piezoelectric materials are given in Table 2. For
numerical calculations the piezoelectric material PZT-4 has been
used with a number of conducting and dielectric materials (Table
1). It can be shown that the same characteristic cases arise for other
piezoelectric materials given in Table 2.
4.1. Investigation of the dispersion equation for the layered structure
PZT-4/ Zn/ Al
Consider the layered structure (1) from Table 2
ðVBG < S1 < S3 < S2Þ. As in this case S1 < S3 < S2 the main layer isTable 2
Physico-mechanical parameters and the values of bulk shear wave and the Bleustein-Gu
piezoelectric materials, conductors and dielectrics.
No. Material Symmetry
class
Elastic
constant
(1010N/m2)
Piezoelectric
constant
(C/m2)
Permitt
(1011F
c44 e15 e11
1 Ceramic PZT-4 trans. isotropic 2.56 12.7 650
2 Li2B4O7 4 mm 5.85 0.472 7.880
3 LiIO3 6 1.78 0.89 6.995
4 Br3Ba3Nb2O6 4 mm 6.43 5.19 327.6
5 BaTiO3 4 mm 5.43 21.3 1.744
6 Zn 4.5
7 Al 2.83
8 Pt 7.65
9 Au 4.24
10 Si 7.95
11 W 16.06
12 Be 16.25
13 Indium 0.651
k13=19.967
k12=7.787
V3(kV2(k1)
V1(k1)
V
S 3
S 1
V1∞
VBG
k11=0
O
Fig. 2. The dispersion curves for the layered structure PZsoft in relation to the substrate and the supplementary layer is
hard in relation to both the substrate and the main layer. First con-
sider two particular cases when k2 = 0 and k1 = 0.
1. When the supplementary layer is absent (k2 = 0) the dispersion
Eq. (3.7) takes the following form:
b3ðVÞ ¼ c1b1ðVÞ tanðb1k1Þ þ R: ð4:2Þ
The qualitative behaviour of dispersive curves for this case,
where R = const > 0 and VBG < S1 < S3 is obtained in Danoyan
and Piliposian (2007). The numerical results are shown in
Fig. 2, where the velocity of the ﬁrst mode of the surface Love
wave V1(k1) starts at k1 = k11 = 0 at V = VBG (VBG = 2256.86 m/s)
and approaches asymptotically to the limiting value
V11 = 2460.57 m/s which is smaller than the shear bulk wave
velocity of the main layer S1 (S1 = 2510.48 m/s). The higher
modes initiate at the shear bulk velocity of the substrate for
some critical values of k1: k12 = 7.79, k13 = 19.97, k14 = 32.15
etc. and propagate with decreasing velocities approaching
asymptotically to the limiting value which is the shear bulk
wave velocity of the main layer S1.
2. When the main layer is absent (k1 = 0) the dispersion Eq. (3.7)
takes the following form:
b3ðVÞ ¼ c2c2ðVÞ tanhðc2k2Þ þ R: ð4:3Þ
The dispersion Eq. (4.3) has only one solution which is shown in
Fig. 3. The dispersion curve starts at the Bleustein-Gulyaev wavelyaev wave velocities and electro-mechanical coupling coefﬁcients for a number of
ivity
/m)
Density
(103kg/m3)
Bulk shear
wave
velocity
(m/s)
Bulk shear
wave
velocity
(m/s)
B-G surface
wave
velocity
(m/s)
Electro-
mechanical
coupling
coefﬁcient
q S3 S VBG R
7.5 2593 2256.85 0.4922
2.439 5014 5009.09 0.046
5.402 2322 2135.22 0.3888
5.4 3632 3607.42 0.115
6.02 3003 3003.31 4.9  109
7.14 2510
2.702 3236
21.40 1891
19.30 1482
2.329 5843
2.329 2888
1.848 9377
7.28 946
k1k14=32.144
V4(k1)1)
2256.85
2460.57
2510.48
2592.65
T-4/ Zn/ Al without the supplementary layer (k2 = 0).
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V11 = 2460.57 m/s at k2 = 0.817 and the shear bulk wave veloc-
ity of the main layer S1 = 2510.48 m/s at k2 = 1.3268 andreaches
the limiting value V21 = 2563.49 m/s at kP 10.
3. Now suppose that the thickness of the supplementary layer is
ﬁxed at k20 and the thickness of the main layer is changing in
the section k1 2 [0,1]. When k1 = 0 and k20 < 0.817 the ﬁrst
mode of the Love wave starts to propagate with the velocityk1=0
V(k2)
V20
BA
O
V(k1)
VV
V1∞
VBG
k1=0
k20=0.817
k2=0
Fig. 5. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Al fo
V(k2)
BA
O
V(k1)
k1=0
V
A1∞
A20
V
V1∞
V20
VBG
k1=0k20=0.1
k2=0
Fig. 4. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Al
1.3270.817
V
V2∞
S1
V1∞
VBG
O
Fig. 3. The dispersion curve for the layered structurV20 where V20 < V11(see Fig. 3). When k1 starts increasing the
ﬁrst mode of the Love wave propagates with an increasing
velocity from the value V20 to the limiting value V11(Fig. 4, sec-
tion (BC)).
When k20 increases the value of V20 also increases, and the point
A20 in Fig. 4 goes up. When k20approaches to the value k20 = 0.817,
V20 approaches to V11 i.e. the point A20 tends to the point A11, theC
k2=0.817
k2,  k1
2256.85
2460.57
r 0 6 k2 6 0.817 and k1 = 0 (section AB), and 0 6 k1 61 and k2 = 0.817 (section BC).
C
k2=0.1
k2,  k1
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for 0 6 k2 6 0.1 and k1 = 0(section AB), and 0 6 k1 6 25.2 and k2 = 0.1 (section BC).
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e PZT-4/ Zn/ Al without the main layer (k1 = 0).
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Fig. 6. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Al for 0 6 k2 6 1 and k1 = 0 (section AB), and 0 6 k1 6 20and k2 = 1 (section BC).
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Fig. 7. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Al for 0 6 k2 6 10 and k1 = 0 (section AB), and 0 6 k1 6 28 and k2 = 10 (section BC).
Table 3
Critical values of k1 (k12, k13, k14) for some values of k2 when the second, third and
forth modes start to propagate.
k2 k12 k13 k14
0 7.787 19.967 32.147
0.1 8.124 20.31 32.489
1 10.37 22.54 34.72
10 11.55 23.72 35.90
100 11.55 23.72 35.90
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values of k1 the ﬁrst mode of the Love wave propagates with the
constant velocity V = V11 = 2460.57 m/s (Fig. 5, section(BC)).
When k02 > 0.817 the velocity V20 exceeds V11 (see Fig. 3). With
k1 increasing the surface Love wave propagates with a decreasing
velocity from the value V20 to the limiting value V11. The disper-
sion curve is shown in section (BC) in Fig. 6 for k20 = 1 and
V20 = 2482.5 m/s (practically V = V11 when k = k1 = 20).
Further when the thickness of the supplementary layer becomes
k20 = 1.327 (see Fig. 3) the surface wave propagates in the layered
structure with the velocity V = S1 and with further increase of k2 it
becomes greater then S1 (for example V20 = 2563.5 for k20 = 10)
which transforms depending on k1 as shown in Fig. 7 (section BC).
For any ﬁxed value of k2 higher modes of the surface Love wave
initiate at the shear bulk wave velocity of the substrate S at some
critical value of k1 and with k1 increasing propagate with decreas-
ing velocity approaching asymptotically to the shear bulk velocity
of the main layer S1. Table 3 shows the critical values of k1 (k12,k13,
k14) for some values of k2 when the second, third and forth modes
starts to propagate.
As it can be seem from Table 3 starting approximately from
k2 = 10 the critical values k12,k13 and k14 stabilize and remain un-
changed which is due to convergence of the function tanh(c2k2).
On the other hand the difference between two neighbouring criti-
cal values of k1 for each value of k2 is constant k13 
k12 = k14  k13  12.18, which is due to the periodicity of the func-
tion tan(b1k1).4.2. Investigation of the dispersion equation for the layered structure
PZT-4/ Zn/ Pt
Now consider the layered structure (2) from Table 2 when
S2 < VBG < S1 < S3. Here S2 < S1 < S3 which means the main layer
is soft in relation to the substrate as in the previous case but the
supplementary layer is soft in relation to the main layer.
1. When the supplementary layer is absent (k2 = 0) we get the
same dispersion Eq. (4.2) as for the previous case and therefore
the dispersion curves will be described as shown in Fig. 2.
2. When the main layer is absent (k1 = 0) the dispersion Eq. (3.8)
takes the following form:
b3ðVÞ ¼ c2b2ðVÞ tanðb2k2Þ þ R; ð4:4Þ
where k2 2 [0,1] and V 2 ½0; S3. The qualitative behaviour of
dispersion curves for this case is given in Danoyan and Pilipo-
C
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Fig. 8. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Pt for 0 6 k2 6 0.1 and k1 = 0 (section AB), and 0 6 k1 6 25 and k2 = 0.1 (section BC).
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Fig. 9. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Pt for 0 6 k2 6 1 and k1 = 0 (section AB), and 0 6 k1 6 11 and k2 = 1 (section BC).
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wave velocity at k2 = 0 and decreases with k2 increasing as
shown in the section (AB) in Fig. 8.
3. Now suppose that the thickness of the supplementary layer is
ﬁxed at k20 (for example k20 = 0.1) and the thickness of the main
layer is changing in the section k1 2 [0,1] (section (BC) in Fig. 8).
When k1 = 0 the ﬁrst mode of the Love wave starts to propagate
with some velocity V20 according to Eq. (4.4) where V20 < V11O k2=0
BA
k1=0
V(k2)
S2
S1
V
VV
V1∞
VBG
k1=0
k20≥10
Fig. 10. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Zn/ Pt(Fig. 8). When k1starts increasing the ﬁrst mode propagates with
a velocity greater than V20 and monotonically approaches
to V11  2460:57m=s passing the value of VBG at k1 = 0.38
(Fig. 8).
When k20 increases the value of V20 decreases along with the
value of V11 and for some value of k20 (k20 = 0.5) the surface wave
velocity asymptotically approaches to V11 ¼ VBG ¼ 2256:85m=s forC
1890.71
1892.699
2510.48
(k1) k2≥.100
k2,  k1
2256.85
0
for 0 6 k2 6 100 and k1 = 0 (section AB), and 0 6 k1 61 and k2P 100 (section BC).
Table 4
The dependence of the critical value for the occurrence of the second mode of the surface Love wave on the thickness of the supplementary layer.
k2 0.1 1.68 2 2.5 2.9 2.95 2.97 2.98 2.99 2.995 3 4 6 6.3 6.34
k12 4.15 1.705 1.5 1.09 0.36 0.18 0.11 0.06 0.02 0 10.55 2.65 0.95 0.25 0.01
2460.57V1∞=V2∞
C
O k2=0
BA
k1=0
1890.71S1
V20 2279.34
2510.48S2
V(k1) k2=0.1
V
k2,  k1
2256.85
V
VBG
k1∞=25
k1=0
k20=0.1
Fig. 11. The ﬁrst mode of the dispersion curves for the layered structure PZT-4/ Pt/Zn for 0 6 k2 6 0.1 and k1 = 0 (section AB), and 0 6 k1 6 25 and k2 = 0.1 (section BC).
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(k20 = 1, V20 = 1980.77 m/s, V

11 ¼ 2138:259m=s; k20 = 10, V20 =
1898.8 m/s, V11 ¼ 1905:52m=s). Fig. 9 shows the dispersion curve
for k20 = 1. For greater values of k20 the values of V20 and V

11 be-
come very close to each other (for example k20 = 100,
V20 = 1892.5 m/s, V

11 ¼ 1892:699m=s).
For these high values of k20 the velocity of the surface Love
wave becomes independent of k1 and propagates with a constant
velocity (Fig. 10).
For each value of k2 the higher modes of the surface Love
wave occur with k1increasing (for example for k2 = 0.1 the sec-
ond, third and forth modes occur, respectively at k12 = 4.15,
k13 = 18.05, k14 = 26.65). Table 4 shows how the critical value
k12 varies depending on the thickness of the second layer k2. It
decreases with the thickness of the second layer increasing and
becomes 0 for k2  2.995 (Table 4). For further increase of k2 a
new ﬁrst mode starts at much higher value of k12 (k12 = 10.55,
for k2 = 3 in Table 4) decreasing again with the thickness of
the second layer increasing.
4.3. Investigation of the dispersion equation for the layered structure
PZT-4/ Pt/ Zn
Now consider the layered structure (3) from Table 2 when
S1 < VBG < S2 < S3 i.e. both layers are soft in relation to the sub-
strate and the main layer is soft to the relation to the supplemen-
tary layer.
When k1 = 0 the ﬁrst mode of the surface wave starts at B-G
wave velocity at k2 = 0 and increases with k2 increasing as shown
in the section (AB) in Fig. 11.
Now suppose the thickness of the supplementary layer is ﬁxed
at k20 (for example k20 = 0.1) and the thickness of the main layer is
changing (section (BC) in Fig. 11). When k1 = 0 the ﬁrst mode of the
Love wave starts to propagate with some velocity V20 where
V20 < V21 = V11 = 2460.57 m/s(Fig. 11). When k1 starts increasing
the ﬁrst mode in the two layered structure propagates with the
velocity smaller than V20 and monotonically approaches to the
shear bulk wave velocity of the main layer S1 passing the value
of VBG at some value of k1 (Fig. 11).When k2 increases the value of V20 also increases approaching
to the limiting value V21.
In all three layered structures considered above the main layer
is soft in relation to the substrate ðS1 < S3Þ (see Table 2). The same
relationship between the shear bulk velocity of the main layer and
the elecro-elastic shear wave velocity of the substrate takes place
also for layers structures 4, 5 and 10. But for layered structures
6-9 the main layer is hard in relation to the substrate ðS1 > S3Þ.
We are leaving the investigation of this case for future.
5. Conclusion
The existence and behaviour of electro-elastic surface Lovewave
in a structure consisting of a piezoelectric substrate of crystal classes
6, 4, 6 mm and 4 mm, amain conducting layer and a supplementary
conducting or dielectric second layer is considered. The inﬂuence of
the second layer on propagation of the surface Love wave is investi-
gated. Ten different types of layered structures are constructed for
speciﬁc piezoelectric, conducting and dielectric materials with dif-
ferent relationships between the Bleustein-Gulyaev wave velocity,
and the shear bulk wave velocities of the substrate and the two lay-
ers. Numerical and analytical investigation of the dispersion equa-
tion is carried out for three of these structures. The main layer of
all three layered structures considered is soft in relation with the
substrate.
The results show that the addition of the second layer either
soft or hard does not change the multimode and dispersion charac-
ter of the Love surface wave and that it exists for all values of the
relative thicknesses of the two layers.
The addition of the second (supplementary) layer however
changes the behaviour of both ﬁrst and higher modes of the surface
Love wave but the changes are more substantial for the ﬁrst mode.
Depending on the relative thickness of the second layer, the val-
ues of the critical thickness of the ﬁrst layer when the higher
modes occur are different. For the layered structure PZT-4/Zn/Al
these values converge and become constant when the relative
thickness of the second layer increases. For the layered structure
PZT-4/Zn/Pt these values change periodically and the value of the
smallest one can become zero.
G.T. Piliposian, Z.N. Danoyan / International Journal of Solids and Structures 46 (2009) 1345–1353 1353In the layered structure PZT-4/Zn/Al the ﬁrst mode of the sur-
face Love wave initiates at a velocity greater than the Bleustein-
Gulyaev wave velocity for small ﬁxed values of the second layer.
With the thickness of the ﬁrst layer increasing it asymptotically ap-
proaches to the limiting value V11 = 3460.57 m/s. For a certain crit-
ical value of the relative thickness of the second layer (k2 = 0.817)
the velocity of the surface Love wave dos not depend on the rela-
tive thickness of the ﬁrst later and propagates with a constant
velocity equal to the same limiting value V11. With k2 increasing
further the ﬁrst mode initiates at the greater velocity than V11
but again with k1 increasing approaches to the same limiting value
V11.
In the layered structure PZT-4/Zn/Pt the ﬁrst mode of the sur-
face Love wave initiates at a velocity smaller than the Bleustein-
Gulyaev wave velocity for small ﬁxed values of the second layer.
With the thickness of the ﬁrst layer increasing it also increases
reaching the Bleustein-Gulyaev wave velocity at k2 = 0.1 and
k1 = 0.38 and further asymptotically approaching to a limiting
value. For a certain value of the thickness of the second layer
(k2 = 0.5) the ﬁrst mode starts from a smaller value and asymp-
totically approaches to the Bleustein-Gulyaev wave velocity. For
bigger values of k2 the velocity of the ﬁrst mode becomes con-
stant and greater than the shear bulk wave velocity of the sec-
ond layer.
In the layered structure PZT-4/Pt/Zn the addition of a thin
hard second layer does not effect signiﬁcantly the wave process
in the structure. The ﬁrst mode of the surface Love wave initi-
ates at the velocity greater than the Bleustein-Gulyaev wave
velocity for any ﬁxed values of the second layer. With the thick-
ness of the ﬁrst layer increasing it decreases and tends to the
limiting value which is the shear bulk wave velocity of the main
layer.
The new properties of the surface Love wave observed in this
paper can obviously have practical application. Particularly in lay-
ered structure PZT-4/Pt/Zn the thin second layer can be used to
‘‘protect” the working surface of the main layer without changing
the wave properties in the main structure.References
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